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Unsaturated mediumThis study focuses on a theoretical estimation of the effective permeability of unsaturated cracked porous
media. The closed-form ﬂow solution around and in a superconductive crack, embedded in an inﬁnite
porous matrix under a far-ﬁeld condition, is recalled ﬁrst. Then the solution of ﬂow around a completely
unsaturated (empty) crack that is considered as an obstruction against the ﬂow is determined. The ﬂow
solution for partially saturated crack in special conﬁgurations is obtained by superposition of the two
basic solutions for superconductive and empty cracks. The contribution of an unsaturated crack, with a
given saturation degree, to the effective permeability is estimated by using dilute upscaling scheme.
Numerical results obtained by Finite Elements Method, are in good agreement with the theoretical
results for weak crack densities but show the additional effect of cracks interaction for higher densities.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Evaluation of the effective permeability of cracked porous med-
ia is of great interest for geotechnical, geo-environmental and
petroleum engineering applications. A literature survey shows that
the permeability of unsaturated porous materials has been inten-
sively investigated experimentally and theoretically in recent dec-
ades (e.g. van Genuchten, 1980; Fredlund et al., 1994; Zimmerman
and Bodvarsson, 1990; Wu and Pan, 2003). The effective perme-
ability of saturated cracked porous materials has also been investi-
gated by various theoretical and numerical approaches (Barenblatt
et al., 1960; Bogdanov et al., 2003; Dormieux and Kondo, 2004;
Pouya and Ghabezloo, 2010; Pouya and Vu, 2012a,b; Vu et al.,
2012). But it seems that far less attention has been paid to model-
ing the permeability of cracked unsaturated porous (CUP) materi-
als. It should be noted that a ﬂuid-ﬁlled crack tends to increase
the permeability, whereas an empty crack (crack that does not con-
tain any ﬂuid) acts as an impermeable membrane that constitutes
an obstacle to the ﬂow and thus decreases the effective permeabil-
ity in the direction orthogonal to its plane. To our knowledge, there
is not any model representing this double nature contribution of
unsaturated cracks to the effective permeability of CUP materials.
This paper establishes a solution for ﬂow around an unsaturated
crack in an inﬁnite porous matrix that allows a ﬁrst attempt for
estimating this contribution.The solution of ﬂow in a porous medium containing an elliptical
inclusion under a uniform far-ﬁeld pressure gradient, when the
matrix and inclusion obey to the Darcy’s law, is well-known and
has been applied to different problems (Obdam and Veling, 1987;
Zimmerman, 1996; Veling, 2012). However, this solution has not
been extended, and it is hard to imagine how it could be extended,
to the case of unsaturated cracks with a ﬂuid-ﬁlled part and an
empty part. Pouya and Ghabezloo (2010) proposed recently a po-
tential solution, expressed as a singular integral equation, for ﬂow
around a family of crack-lines in a porous medium with possible
intersections in which the ﬂuid ﬂow is modeled by Poiseuille’s
law. This equation, when written for a straight superconductive
crack-line, allows establishing a closed-form solution for ﬂow
around this crack. The ﬂow solution around an empty crack (with-
out ﬂuid) in an inﬁnite unsaturated porous matrix can be then de-
duced from a simple transformation of the previous result. It
should be noted that the expression empty crack in this paper (dif-
ferent from the void crack used in Pouya and Ghabezloo, 2010) is
used for a crack without solid ﬁll material, and also without ﬂuid.
It acts as an impervious panel against the ﬂow crossing it but has
no effect on the ﬂow parallel to it. In this paper we consider only
these two cases of superconductive or empty cracks. The interme-
diate case of a crack with a ﬁnite transversal conductivity is not
necessary for the purposes of this paper, but has been considered
in Vernerey (2011, 2012).
A permeability model of unsaturated cracked material must ex-
press the effective permeability as a function of the global satura-
tion degree of the material. However, the global saturation degree
reveals to be insufﬁcient to determine the effective permeability.
As a matter of fact, different conﬁgurations of ﬂuid repartition in
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different effective permeabilities. Speciﬁc observation data are
yet necessary to make a clearer idea on the ﬂuid repartition model
in the cracks of an unsaturated porous material and its relation to
the effective permeability. In the absence of direct observation
data, physical considerations, mainly based on capillary effects, al-
low constraining the ﬂuid repartition models. It is well known that
these effects imply that in porous materials small pores are ﬁlled
before greater ones. The same considerations has brought some
authors to suppose that in a partially saturated crack, the ﬂuid ﬁlls
ﬁrst the cracks extremities where the crack aperture is smaller.
When a ﬂuid ﬂow takes place in fractured rock masses, with frac-
ture apertures attaining the range of centimeters to decimeters, it
can be conceived that the ﬂuid ﬁll only partially the thickness of
the fracture. But in micro-cracks in porous materials, on which this
paper focuses, the capillary effects do not allow this type of ﬂuid
repartition because it implies a great ﬂuid–gas interface surface.
For this reason, the partially saturated crack in this paper is sup-
posed to be divided in fully ﬁlled parts in which the whole thick-
ness of the crack is occupied with the ﬂuid, and empty parts
occupied by the gas phase (air in most cases).
In this paper, the solution for a partially ﬂuid-ﬁlled crack in an
inﬁnite porous matrix is deduced from the saturated and empty
cracks solutions in some simple and basic conﬁgurations of ﬂuid
repartition in the crack. Then, based on some simplifying assump-
tions that are explicitly expressed, this solution is used for a ﬁrst
estimate of the effective permeability of CUP materials by theoret-
ical upscaling methods. The results are discussed and compared to
numerical results that allow better taking into account the cracks
interactions.2. Governing equations and basic solutions
2.1. Fluid repartition in the pores and cracks spaces
To determine the effective permeability of a CUP material, a ba-
sic information is necessary that concerns the distribution of the
ﬂuid content in the matrix pores and cracks spaces. Assuming that
the opening of the cracks is bigger than the size of the pores and
considering the capillarity phenomena, one can reasonably admit
that in a CUP material which is in hydraulic equilibrium, the cracks
remain empty until the matrix is fully saturated with ﬂuid. After
the matrix is completely saturated, the additional ﬂuid volume
contributes to ﬁlling the cracks up to a complete saturation of
the medium (Fig. 1). This is the same assumption that was made
by Wang and Narasimhan (1985) for the conceptual model of ﬂow
in unsaturated fractured permeable rock. This model has been
widely used for numerical simulations and ﬁeld applications (Pe-
ters and Klavetter, 1988; Niemi and Bodvarsson, 1988; Martinez
et al., 1992; Therrien and Sudicky, 1996; Wu et al., 1999; Mathias
et al., 2005) to characterize ﬂow and contaminant transport in frac-
tured geological media. Moreover, this model has been also veri-
ﬁed by several laboratory or ﬁeld studies (Gvirtzman et al., 1988;
Hodnett and Bell, 1990; Keller, 1996; Wang et al., 1999; Brouyère
et al., 2004).
The ﬂuid repartition along the crack-lines is not well known in
the phase of saturated matrix and partially saturated cracks. For
the same quantity of ﬂuid in the cracks network, different reparti-
tion models can be assumed that lead to different effective perme-
abilities for the CUP material. To deal with this difﬁculty, which is
due to a lack of physical observation data on the ﬂuid repartition
model in the cracks, two different cases will be considered and
studied in the following sections.
For the hydraulic conductivity of cracks that are supposed with-
out solid ﬁll materials, two basic cases are considered:– Superconductive crack: The crack is fully ﬁlled with ﬂuid and is
supposed to have an inﬁnite conductivity and no pressure gap
between the two faces of the crack.
– Empty crack:The crack does not contain any liquid phase ﬂuid,
does not contribute to tangent ﬂow. It does not allow transverse
ﬂow and acts as an impervious membrane against this ﬂow. A
pressure gap can exist between the two faces of the crack.
Then a third case of unsaturated crack is considered in which
the crack is constituted of a ﬂuid ﬁlled part and an empty part hav-
ing respectively the properties of superconductive and empty
cracks.
2.2. Governing equations
A fundamental problem for modeling ﬂow in cracked porous
media is that of the pressure ﬁeld around a single straight crack
in an inﬁnite homogeneous matrix under a far-ﬁeld condition.
The solution of this problem is the key for the resolution of more
general problems and in particular for upscaling the effective per-
meability of cracked porous materials. A potential solution based
on singular integral equation is proposed ﬁrstly by Liolios and
Exadaktylos (2006) to study the steady-state ﬂow around non-
intersecting fractures embedded in an inﬁnite porous medium
with homogeneous permeability matrix. This solution was ex-
tended to the case of the anisotropic matrix containing intersecting
fractures by Pouya and Ghabezloo (2010). The transient ﬂuid ﬂow
solution around a semi-inﬁnite straight crack in an inﬁnite isotro-
pic matrix was derived recently by Exadaktylos (2012). Here we re-
call the basic assumptions and results for steady state ﬂow. The list
of principal symbols used in the following sections is given in Ta-
ble 1 at the end of the paper.
Consider an inﬁnite matrix X with permeability k containing
several intersecting cracks Ci prescribed by a pressure ﬁeld p1(x)
at inﬁnity. Fluid velocity v(x) in the matrix is given by Darcy’s law:
8x 2 X C; vðxÞ ¼ kðxÞ  rpðxÞ ð1Þ
where p designates the pressure. In the absence of point sources,
mass conservation of an incompressible ﬂuid in the matrix reads:
8x 2 X C; r  vðxÞ ¼ 0 ð2Þ
For the case of conductive cracks, the discharge through the crack is
denoted by q(s). The crack-matrix mass exchange law at a point on
the crack excluding extremities is obtained by considering mass
balance in a portion of the crack comprised between abscissa s
and s + ds (Fig. 2):
8zðsÞ 2 C; ½½vðzÞ  nðsÞ þ @sqðsÞ ¼ 0 ð3Þ
In this relation, z is the point on the crack at the abscissa s, n(s) is
the normal unit vector to the crack line oriented from C to C+
(Fig. 2) and [[]] designates the discontinuity or jump across the
crack: ½½vðzÞ = vþðzÞ – vðzÞ.
The ﬂow in the cracks is described commonly by a Poiseuille
type law in which the discharge q is proportional to the pressure
gradient along the crack line:
8s 2 C; qðsÞ ¼ cðsÞ@sp ð4Þ
where c is the crack conductivity. The assumption of a laminar ﬂow
between two inﬁnite and parallel planes leads to the classical cubic
law relating this conductivity to the crack hydraulic aperture e and
the ﬂuid dynamic viscosity l by: c = e3/(12l). The limit case of
superconductive fully ﬁlled cracks (c?1) will be considered in this
paper. In this case, the pressure along the crack line remains
constant.
Fig. 1. Conceptual model of ﬂow in unsaturated cracked porous medium. The saturation process from left to right: dry matrix and empty cracks; unsaturated matrix and
empty cracks; saturated matrix and empty cracks; saturated matrix and unsaturated crack; saturated cracked porous medium.
Table 1
List of principal symbols.
Symbol Description
X Porous body (matrix) and also its volume (surface in 2-D)
Ci Crack line number i
x Position vector in the matrix
s Curvilinear abscissa along a crack line
z(s) Smooth function representing the crack
n(s), t(s) Normal and tangent unit vectors along a crack line
L Half-length of a straight crack
L1, L2 Fluid-ﬁlled part and empty part lengths of a crack
S Global degree of saturation of the cracked porous material
Sf Saturation degree of the cracks volume
q Dimensionless crack density
v Fluid velocity vector
p Fluid pressure
q(s) Flux in a crack
p1 Far-ﬁeld pressure
A Far-ﬁeld pressure gradient
k, k Permeability tensor, scalar isotropic permeability of the matrix
C Crack conductivity
kf Velocity localization tensor
gf Pressure gradient localization tensor
k^;k^ Effective permeability tensor, scalar isotropic effective
permeability
V^ Macroscopic velocity
G^ Macroscopic pressure gradient
s s+ds
Γ +
q(s+ds)q(s)
Γ -
n
v -
v +
x
Fig. 2. Crack-matrix mass exchange at a point on the crack (Pouya and Ghabezloo,
2010).
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reads: v+n = vn = 0 and a pressure gap can exist between the
two faces: p+– p.
Let us consider an inﬁnite matrix containing a family of cracks
numbered by i and denoted by Ci. The crack line Ci is deﬁned by
a smooth function zi(s) of the curvilinear abscissa s, and the unit
tangent vector to Ci and the ﬂow in Ci at the abscissa s are desig-
nated respectively by ti(s) and qi(s). The cracks are assumed to be
conductive (no pressure gap between their two faces), and matrix
with uniform permeability k is submitted to the far-ﬁeld pressure
p1 at inﬁnite boundary: p(x? p1(x) when ||x||?1 Pouya and
Ghabezloo (2010) showed that under these conditions the pressure
ﬁeld at any point x in the matrix can be expressed as a function of
the boundary condition p1 and ﬂow qi in the cracks by the follow-
ing expression:
pðxÞ ¼ p1ðxÞ þ
1
2p
ﬃﬃﬃﬃﬃﬃ
jkj
p X
i
Z
Ci
qiðsÞ
x ziðsÞﬃﬃﬃﬃﬃﬃﬃﬃ
k1
p
½ x ziðsÞ
 2 k
1  tiðsÞds
ð5Þ
This equation takes fully into account the interaction and possible
intersections between the cracks. The far-ﬁeld pressure is a uniform
pressure gradient in most cases considered for effective permeabil-
ity calculations.
2.3. Single superconductive crack in an inﬁnite matrix
A homogenous isotropic porous medium with permeability
k = kd is considered that contains a straight superconductive crack
of length 2L. The x-axis is taken parallel to the crack line and the
origin of coordinates is placed at the center of the crack. A far-ﬁeld
pressure gradient p1(x) = Ax = A1x is imposed on the porous body.
The pressure remains constant in the crack and equal to zero if the
symmetries of the problem are taken into account. The Eq. (5) re-
duces for this case to:
A1x ¼ 12pk
Z L
L
qðsÞ
x s ds ð6Þ
The solution of this equation is given by Muskhelishvili (1953) as
follows:
qðsÞ ¼ 2kA1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2  s2
p
for 0  s  L ð7Þ
This solution allows establishing the pressure ﬁeld around the
crack-line as:
pðx; yÞ ¼ A1LXUðX2;Y2Þ ð8Þwhere,
UðX2;Y2Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 X2 þ Y2Þ2 þ 4X2Y2
q
 ð1 X2 þ Y2Þ
2X2
vuut ð9Þ
and,
Fig. 4. Pressure ﬁeld p(x,y) around an empty crack in an inﬁnite matrix under a far-
ﬁeld uniform pressure gradient perpendicular to crack line.
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L
; Y ¼ y
L
ð10Þ
This solution for p(x,y) is graphically presented in Fig. 3. When the
inﬁnite pressure gradient has a component A2 in direction orthogo-
nal to the crack line, the expression (7) must be completed simply
by an additional term A2y as the crack does not perturb the pressure
ﬁeld in this direction. Therefore, the global solution for p1(x) = Ax
for a crack parallel to the unit vector t can be written, in a coordi-
nates independent form, as follows:
pðxÞ ¼ A  ðxþwtÞ ð11Þ
where:
w ¼ ðt:xÞ½/ða1;a2Þ  1 ð12Þ
with, the function U given by equation (9),
a1 ¼ ½ðx x1Þ  t
2
L2
; a2 ¼ ðx x1Þ  ðx x1Þ
L2
 a1 ð13Þ
and x1 the center of crack in the global coordinate system. The ﬂux
q(s) remains unchanged and given by equation (7).
2.4. Single empty crack in an inﬁnite matrix
An empty crack has no contribution to the tangent ﬂow and acts
as an impermeable barrier against the transverse ﬂow (normal to
the crack). In this case, the governing equations have to be solved
considering that the normal ﬂuid velocity on the crack line is null.
The potential solution (5) is no longer valid for this case, but the
solution can be obtained in different ways. It can be deduced from
the solution given by Obdam and Veling (1987) for elliptical inclu-
sions as the limit case of an impermeable inclusion with thickness
tending to zero. It is also possible to obtain it by a mathematical
transformation method, similar to that used by Keller (1964), from
the solution already established in previous section for the super-
conductive crack. According to this transformation method, if u(x)
and v(x) are the velocity ﬁelds respectively for superconductive
crack and empty cracks problems with some special boundary con-
ditions, the following relation holds between these ﬁelds:
vðxÞ ¼ ez  uðxÞ ð14Þ
The corresponding boundary conditions are
lim
x!1
uðxÞ ¼ U; lim
x!1
vðxÞ ¼ V ð15ÞFig. 3. Pressure ﬁeld p(x) around a single crack in an inﬁnite matrix under a uniform
far-ﬁeld pressure gradient parallel to crack.with:
V ¼ ez  U ð16Þ
The pressure ﬁeld solution p(x) obtained in this way for an empty
crack of length 2L lying on the x-axis, centered at the origin of coor-
dinates and submitted to a far-ﬁeld pressure gradient A2 in y-direc-
tion is the following:
pðx; yÞ ¼ A2LYWðX2;Y2Þ ð17Þ
where,
WðX2;Y2Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð1 X2 þ Y2Þ2 þ 4X2Y2
q
þ ð1 X2 þ Y2Þ
2Y2
vuut ð18Þ
Note that:
WðX2;Y2Þ ¼ 1
UðX2;Y2Þ ð19Þ
The solution p(x) reveals to be symmetric with respect to y-axis and
also exhibits a discontinuity across the crack as plotted in Fig. 4. The
pressure p has different limits when approaching the crack line
from its two sides.
The pressure ﬁeld for a far-ﬁeld gradient parallel to the crack,
p1(x) = A1x, is not affected by the presence of the crack. Therefore,
for a general far-ﬁeld gradient A, the pressure ﬁeld around the
empty crack, obtained by superposition of the two components
of A = A1ex + A2ey, is given by the following expression
pðxÞ ¼ A  ðxþ-nÞ ð20Þ
where:
- ¼ ðn  xÞ½Wðb1;b2Þ  1 ð21Þ
with, the function W given by equation (18) and:
b1 ¼
½ðx x1Þ  t2
L2
; b2 ¼
ðx x1Þ  ðx x1Þ
L2
 b1 ð22Þ
In this relation x1 denotes the center of crack in the global coordi-
nate system.
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In the absence of observation data on the ﬂuid repartition mod-
el in a partially saturated crack and to make possible the modeling,
we assume, for a basic model, that all the ﬂuid content is contained
in a unique part beginning from one extremity of the crack as pre-
sented in Fig. 5. The ﬂuid ﬁlled part occupies a length L1 of the
crack while the empty part occupies the remaining lengthL1
L2
y
x
x1
x2
x0
Fig. 5. An unsaturated crack of length L1 + L2, ﬁlled with ﬂuid on a length L1 from
the extremity x0 and empty on the remaining part. x1 and x2 designate respectively
the centres of the ﬂuid-ﬁlled and empty parts.
y
x
p∞(x)=A1x
(a)
y
x
p∞(x)=A2y
(c)
Fig. 6. Streamlines of ﬂuid ﬂow around a superconductive crack (a,c) and an empty crack
crack (c,d).L2 = L  L1 from the other extremity. We emphasize that it is a sim-
pliﬁcation assumption that tends to substitute the lack of a more
physical model or observation data on ﬂuid repartition in cracks.
However, the effect of possible fragmentation of the ﬂuid content
in several parts will be also examined later.
The solution for this simple conﬁguration of single partially-sat-
urated crack in an inﬁnite matrix can be obtained using the solu-
tions presented in the previous sections for superconductive and
empty cracks.
The crack is embedded in an inﬁnite saturated matrix which is
subjected to a uniform pressure gradient A = (A1,A2) at inﬁnity. The
pressure ﬁeld resulting from the condition p1(x) = Ax can be ob-
tained as the sum of the pressure ﬁelds obtained for p1(x) = A1x
parallel to the crack line and that obtained for p1(x) = A2y, perpen-
dicular to the crack line. As explained in previous sections, the
presence of the empty part L2 has no inﬂuence on the pressure ﬁeld
resulting from the pressure gradient p1(x) = A1x (Fig. 6b). Conse-
quently the solution obtained for the superconductive crack (Eq.
(8)) gives the pressure ﬁeld in this case. In a similar way, the
pressure ﬁeld solution resulting from the pressure gradient per-
pendicular to the crack line p1(x) = A2y is not perturbed by the
ﬂuid-ﬁlled part L1 (Fig. 6c) and can be obtained from the solution
given for the empty crack (Eq. (20)). The global solution resulting
from p1(x) = Ax is then obtained by superposition of the solutions
corresponding to a saturated crack L1 submitted to p1(x) = A1x and
an empty crack L2 submitted to p1(x) = A2y. It must be noticed that
the expressions (7) and (16) assume each one that the crack is cen-
tered on the origin, and so have to be shifted to the position of the
ﬂuid-ﬁlled and empty parts in the system of coordinates. Let R1, R2
denote the half-lengths of the ﬂuid-ﬁlled and empty parts i.e.
L1 = 2R1 and L2 = 2R2. Therefore, if A = A1 t + A2 n then, accordingy
x
p∞(x)=A1x
(b)
y
x
p∞(x)=A2y
(d)
(b,d) corresponding to far-ﬁeld pressure gradient parallel (a,b) and perpendicular to
Fig. 7. Pressure ﬁeld around a partially saturated crack (Sf = 0.5) in an inﬁnite
matrix (k = 1) under a far-ﬁeld uniform gradient pressure A = (1,1).
Fig. 8. 3-D representation of the pressure ﬁeld around the partially saturated crack.
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and 8):
P1ðxÞ ¼ A1½ðx x1Þ  tUða1;a2Þ ð23Þ
and the component A2 a pressure ﬁeld:
p2ðxÞ ¼ A2½ðx x2Þ  nWðb1;b2Þ ð24Þ
with the expressions for a1, a2, b1, b2 given in the following. The glo-
bal pressure ﬁeld p = p1 + p2 then reads:
PðxÞ ¼ A  fUða1;a2Þ½ðx x1Þ  tt þWðb1; b2Þ½ðx x2Þ  nng ð25Þ
with:
a1 ¼ ððx x1Þ  tÞ
2
R21
; a2 ¼ ððx x1Þ  ðx x1ÞÞ
2
R21
 a1; ð26Þ
b1 ¼
ððx x2Þ  tÞ2
R22
; b2 ¼
ðx x2Þ  ðx x2Þ
R22
 b1: ð27Þwhere, x1 and x2 represent respectively the centers of ﬂuid-ﬁlled
and empty parts.
The degree of saturation of the cracks is deﬁned by:
s ¼ L1=L ð28Þ
where L = L1 + L2 is the total length of the crack. x1 and x2 can be re-
lated to the position x0 of the saturated extremity of the crack by:
x1 ¼ x0 þ ðsL=2Þt x2 ¼ x0 þ ½ð1þ sÞL=2t ð29Þ
R1 ¼ sL=2; R2 ¼ ð1 sÞL=2 ð30Þ
Let it be noted that (22) expresses the exact solution for pressure
ﬁeld around the unsaturated crack with conﬁguration given in
Fig. 5. This is an original result, in our knowledge, for ﬂow around
an unsaturated crack. It is worth noting that this solution can be ex-
tended to the case of anisotropic matrix by using the linear transfor-
mation deﬁned by Pouya and Ghabezloo (2010) (see Appendix).
This solution will be used in the next sections for upscaling the
effective permeability of CUP materials.
4. Application to effective permeability
The solutions obtained for single cracks in previous sections can
be used for upscaling the permeability of CUP materials by using
dilute or Mori–Tanaka upsacling schemes. Consider a homoge-
neous body X with matrix permeability k containing a population
of superconductive cracks Cs and empty cracks Ci. A linear pressure
condition p(x) = Ax is applied on the boundary X. The crack is con-
sidered as the limit case of the thin layer. The ﬂuid-ﬁlled part of the
crack increases the effective permeability in the direction parallel
to the crack, while the empty part makes it decrease in the direc-
tion normal to the crack. The effective permeability tensor k^ of
CUP materials is given by Darcy’s law:
V^ ¼ k^  G^ ð31Þ
where G^ and V^ are respectively macroscopic pressure gradient and
velocity over the domain X, given by the following relations (Pouya
and Courtois, 2002; Pouya, 2005; Pouya and Fouché, 2009):
V^ ¼ 1
X
Z
X
vdxþ
X
s
Z
Cs
qtds
" #
; G^ ¼ 1
X
Z
@X
p  nds ð32Þ
Let us introduce the average velocity and gradient in the matrix by:
V ¼ 1
X
Z
X
v dx; G ¼ 1
X
Z
X
rpdx ð33Þ
The macroscopic velocity V^ includes the average velocity in the ma-
trix plus cracks contribution the ﬂow. Using the divergence theorem
for the domain X containing the discontinuities Ci the following
relation can be obtained:Z
X
rpdx ¼
Z
@X
p  nds
X
i
Z
Ci
p  n ds ð34Þ
Thus,
G^ ¼ Gþ 1
X
X
i
Z
Ci
p  nds ð35Þ
For a superconductive crack, [[p]] = 0 and since q is a linear function
of A, we can write:
1
X
X
s
Z
Cs
qtds ¼ kf  A ð36Þ
The expression of kf, that can be interpreted as the velocity localiza-
tion tensor for a crack, has been discussed in Pouya and Ghabezloo
(2010) and can be explicitly given for a simple case of straight-line
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Fig. 9. Variation of the effective permeability with the crack saturation degree Sf for
different dimensionless crack densities: k1, k2 represent the effective permeability k^
evaluated respectively by the models (42) and (45) and k the matrix permeability.
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A allows stating that the integral expression in the left-side (32) is a
linear function of the far-ﬁeld gradient A. This linearity can be ex-
pressed by using a tensor notation gf in the following form:
1
X
X
i
Z
Ci
p  n ds ¼ gf  A ð37Þ
Similarly to kf, gf can be interpreted as the gradient localization
tensor. The pressure discontinuity on the empty crack can be cal-
culated from the closed-from solution (16) for a straight line crack
and then the contribution of empty crack on the equivalent aver-
age pressure gradient can be derived for the general case of curvi-
linear crack (Fig. 3). It is possible to deduce gf for empty cracks
from kf for superconductive cracks by using the transformation
method presented in Section 2.4 or directly from the results given
by Keller (1964) and Adler and Mityushev (2003). As a matter of
fact, the transformation rule leads to following result:Z
C
p  nðsÞds
 
A
¼ 1
k
Z
C
qðsÞnðsÞds
 
A0
ð38Þ
where, A = ez  A0. As a consequence, we deduce:
gf ¼ 1
k
kf ð39Þ
where, kf⁄ = adj(kf) is the adjugate matrix of kf. More explicitly, in a
general coordinate system, kf and kf⁄ are related by:
kf ¼ kxx kxy
kyx kyy
 
; kf
 ¼ kyy kxykyx kxx
 
ð40Þ
Now, consider the domain X containing a family of N straight
parallel cracks with orientation t and half-length R. The crack ratio
N/X, number of crack centers N per unit surface, does not take into
account the cracks lengths and is not an appropriate variable to
represent the cracks effect. Different expressions for a dimension-
less crack density have been proposed in the literature, as a com-
bination of N/X and the square length of the crack, which differ
only by a constant factor. If a surface pR2 is associated to a crack
with half-length R = L/2, then the following dimensionless crack
density can be deﬁned which simpliﬁes much the effective perme-
ability expressions:
q ¼ NpR
2
X
ð41Þ
With this deﬁnition of q, it has been established by Pouya and
Ghabezloo (2010) that in the special case of a dilute distribution
of cracks, when their hydraulic interaction can be neglected, one
ﬁnds:
kf ¼ kqðt  tÞ ð42Þ
In the same case of dilute crack distribution, using Eq. (39) one
ﬁnds:
gf ¼ qðn nÞ ð43Þ
If the domain X contains a family of empty cracks with density qi
and direction ti and a family of superconductive cracks with density
qs and direction ts, the macroscopic average pressure gradient and
velocity will then be given by:
G^ ¼ Gþ qiðni  niÞ  G; V^ ¼ V þ qsðts  tsÞ  V ð44Þ
Introducing these relations with V = kG in the global Darcy’s law
(28) results in the following expression for the effective
permeability:
k^ ¼ dþ qsðts  tsÞ½   k  dþ qi ni  ni 	
 1 ð45ÞNote that this relation is valid for an isotropic matrix k = kd. The
extension to anisotropic matrix has to be derived from the method
and results given in the Appendix. If ts and ni are perpendicular, this
expression shows well an increase of permeability in ts direction
and a decrease in ni direction.
Let it be noticed that (40) remains valid for weak density of
cracks, ﬂuid-ﬁlled or empty, since it does not take account of cracks
interaction. Nevertheless, when a partially saturated crack is con-
sidered, and its empty part accounted to contribute to qi and its
ﬁlled part to qe, then the interaction of this two adjacent cracks,
one empty and the other ﬂuid-ﬁlled, is fully taken into account
in (40). As a matter of fact, as mentioned in Section 4, the expres-
sion (20) represents the exact solution for the pressure ﬁeld in this
case.4.1. Contribution of cracks with different ﬂuid distribution models
The total ﬂuid mass in CUP material is contained partially in
pore spaces and partially in the cracks space. Let us denote by Sf
the saturation degree of the cracks space. This variable is on one
hand related to the degree of saturation of individual cracks de-
ﬁned by (25), and on the other hand, to the global degree of satu-
ration of the CUP material by the relations that will be developed
farther in this paper (Eq. (56)). If the material contains a family
of cracks with length Lm, aperture em and degree of saturation sm,
then Sf is given by:
Sf ¼
P
ms
memLmP
memL
m ð46Þ
The question is then how to determine the contribution of the
cracks to the effective permeability if Sf is given. What makes the
problem difﬁcult is that a given Sf can correspond to different distri-
bution models of ﬂuid between individual cracks that lead to differ-
ent effective permeabilities. A physically based idea would be to
suppose that the smaller cracks are ﬁlled before greater size cracks,
and then if the size distribution of cracks is known, it can be deter-
mined what is the limit size separating ﬂuid-ﬁlled and empty cracks
for a given Sf according to (41). Then the effective permeability for
this distribution of ﬁlled and empty cracks could be estimated by
using (40).
L1/2
L2
y
x
L1/2
Fig. 10. Crack saturated from its two extremities.
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effective permeability, in the following sections we examine three
different models. The two ﬁrst models are based on exact solutions
for the single crack. In the ﬁrst one, for a given overall saturation
degree Sf, we assume that a percentage Sf of cracks are completely
saturated and the remaining cracks are empty. In the second one,
we assume the ﬂuid is distributed in the same proportion in all
the cracks, and that every crack is partially saturated with its indi-
vidual degree of saturation s (deﬁned by Eq. (28)) equal to Sf. All
cracks are supposed to have the same length in the two cases. In
the third family of models, all the cracks have the same degree of
saturation but the ﬂuid content in divided in several parts. An
interesting case is when it is divided in two symmetrical parts
beginning from the two crack extremities (Fig. 10). This model
seems to be physically more realistic than the model of Fig. 5,
but the solution for the single crack used in this case does not take
into account the interaction between the two ﬂuid-ﬁlled parts and
is therefore a more approximate model.
4.1.1. Fluid distributed between empty and ﬁlled cracks
An isotropic porous medium with permeability k is considered
containing two crack families with the same length L and isotropic
orientations distribution. The crack family number j (i = s, i) is char-
acterized by a density qj = Nj/X, thus the dimensionless density
qj ¼ NjX pL
2
4 . Suppose that the ﬁrst family represents empty cracks
and the second the fully ﬂuid-ﬁlled cracks. The total density is then
q = qi + qs and the crack’s saturation degree Sf = qs/q. Given that for
an isotropic distribution of cracks orientations, we have the aver-
age values ht  ti ¼ hn ni ¼ 12 d, the Eq. (45) leads to the following
expression for the effective permeability of the material:
k^ ¼ 1þ
1
2 Sfq
1þ 12 ð1 Sf Þq
k ð47Þ4.1.2. Partially-saturated cracks
The isotropic porous medium with permeability k contains a
family of cracks with the same length L, isotropic orientations dis-
tribution and density q. The cracks are partially-saturated with
ﬂuid repartition model given in Fig. 5 where the degree of satura-
tion s = Sf. For this conﬁguration we ﬁnd qs ¼ qpR21, qi ¼ qpR22. In
this case, the contribution to the left-hand side of (40) for an indi-
vidual crack with direction t reads:
k^t ¼ k dþ qpR21ðt  tÞ
h i
dþ qpR22ðn nÞ
h i1
ð48ÞReplacing by R1 = SfL/2 and R2 = (1  Sf)L/2 into (43) and using the
mathematical identities ½dþ aðn nÞ1 ¼ ½ 11þa dþ a1þa ðt  tÞ
1 and
ðdþ at  tÞðdþ bt  tÞ ¼ dþ ðaþ bþ abÞt  t, one ﬁnds:
k^t ¼ k
1þ qtð1 Sf Þ2
dþ qðS2f þ ð1 Sf Þ2 þ qS2f ð1 Sf Þ2Þðt  tÞ
h i
ð49Þ
Integration on all crack directions t, and using the average
ht  ti ¼ 12 d, leads ﬁnally to following the effective permeability:
k^ ¼ k
1þ qð1 Sf Þ2
1þ 1
2
qðS2f þ ð1 Sf Þ2 þ qS2f ð1 Sf Þ2Þ
 
ð50Þ
For the special case of completely saturated cracks, Sf = 1, this for-
mulae yields k^=k ¼ 1þ q=2 which is the result given by Pouya
and Ghabezloo (2010) for this case.
Fig. 9 depicts the evolution of k^=k vs. crack saturation degree Sf
for different crack densities q. It is seen that for a given crack den-
sity the effective permeability increases with the crack saturation
degree and the increase rate is greater for higher densities. For
the considered range of densities, the effects of the empty and
the ﬂuid-ﬁlled parts on the effective permeability are compensated
at a cracks saturation degree Sf ranging between 0.40 and 0.45. At
this special cracks saturation degree and density, the effective per-
meability of the CUP material is equal to the matrix permeability,
as it can be seen in Fig. 9.
Fig. 9 allows comparing the effective permeability k^ obtained by
the models (42) and (45) for different dimensionless crack densi-
ties (q = 0.05, 0.10, 0.15, 0.20) and cracks saturation degree Sf.
The two models provide closed values for weak crack densities
and deviate slightly for high densities.
4.1.3. Fluid distributed in several parts
To examine the effect ﬂuid distribution in the crack, we study
the case of cracks with the same saturation degree Sf but in which
the ﬂuid content is distributed in several parts. There is N cracks of
length L containing each onem ﬂuid-ﬁlled parts of length L1/m and
m0 empty parts of length L2/m0. According to Eqs. (42) and (43), the
contribution of these empty or ﬂuid-ﬁlled crack to the effective
permeability is given by:
kf ¼ mkqp L1
2m
 2
ðt  tÞ; gf ¼ m0qp L2
2m0
 2
ðn nÞ ð51Þ
and the global effective permeability by:
k^ ¼ k
1þ qð1 Sf Þ
2
m0
dþ q S
2
f
m
þ ð1 Sf Þ
2
m0
þ
qS2f ð1 Sf Þ2
mm0
 !
ðt  tÞ
" #
ð52Þ
These relations show that the contribution of the crack to the effec-
tive permeability decreases when the ﬂuid is distributed in more
fragmented parts: kf and gf have vanishing limits when m and m0
tend to inﬁnity. So the two ﬁrst conﬁgurations studied in previous
sections give the maximum contribution of unsaturated cracks to
the effective permeability for a given Sf. We emphasize again that
for m or m0 greater than one, the formulae (46) neglect the interac-
tion of different empty or ﬂuid-ﬁlled fragments of a crack on each
other whereas for m =m0 = 1 this contribution is given exactly by
(43) for weak density of cracks (dilute model). The interaction be-
tween two empty parts or two ﬂuid-ﬁlled parts of the same crack,
as shown by Pouya and Vu (2012a,b) for parallels cracks, tends to
decrease their contribution to the global ﬂow. This shows again that
(45) provides the maximum contribution of unsaturated cracks to
the effective permeability.
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which the ﬂuid content is fragmented in two symmetric parts at
the two ends as shown in (Fig. 10). This conﬁguration seems to
be physically more realistic since the cracks aperture is generally
smaller at creack-ends and greater in the center and this promotes
ﬂuid concentration at crack-ends. In this case (m = 2, m0 = 1), (47)
yields:
k^ ¼ k
1þ qð1 Sf Þ2
dþ 1
2
qðS2f þ 2ð1 Sf Þ2 þ qS2f ð1 Sf Þ2Þðt  tÞ
 
ð53Þ5. Effects of high density cracks interactions
As mentioned here above, the dilute homogenization scheme
that was used in the previous section does not take into account
the cracks interaction. To estimate this interaction effect, it is use-
ful to carry out numerical simulations. A numerical tool based onFig. 11. Norm of velocity vector in a matrix containing empty cracks under a macrosc
Elements mesh details around a crack.
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Fig. 12. Evolution of effective permeability vs. crack saturation degree forthe Finite Element Method has been developed to simulate the
steady state ﬂow in unsaturated cracked porous media and to com-
pute the effective permeability. In this numerical method the
cracks interactions are naturally fully taken into account. The
numerical calculation is done for an isotropic distribution of cracks.
A consistent mesh adapted to domain containing the cracks is
automatically generated by using the algorithm presented by
Pouya and Ghoreychi (2001) (see mesh details in Fig. 11). A pres-
sure condition representing a macroscopic uniform gradient is ap-
plied on the boundary of the domain. The local pressure and
velocity ﬁelds are computed numerically. In the example of
Fig. 11 all the cracks are empty and the pressure gradient is parallel
to the x-axis (horizontal in the ﬁgure). It can be seen that, as ex-
pected, cracks sub-parallel to the x-axis have no effect on the
velocity ﬁeld and those sub-parallel to the y-axis obstruct the ﬂow
(velocity dropping to near-zero values in the middle part of the
crack). The macroscopic velocity and pressure gradient, deﬁned
by (29), are determined from the numerical results and the effec-
tive permeability is deduced from (28). The numerical effectiveopic pressure gradient parallel to the x-axis (horizontal in the ﬁgure), and Finite
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different crack densities (a) theoretical model, (b) numerical results.
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ferent crack densities and saturation degrees. The numerical solu-
tion is found to be consistent with the theoretical result in (45) for
weak crack densities (q 6 0.05). Moreover, for the considered
range of densities, similar results are obtained by numerical and
theoretical methods for Sf < 0.4. The numerical solution keff be-
comes non-linear for high crack densities because of cracks inter-
actions, whereas the theoretical method provides a linear
variation of the effective permeability. It must be noticed that this
interaction, in the case of isotropic distribution of cracks orienta-
tions, tends to increase the cracks contribution to the effective per-
meability whereas, for parallel crack distributions, it tends to
decrease this contribution as shown by Pouya and Vu (2012a,b).
6. Global effective permeability model of CUP materials
The contribution of cracks to the effective permeability was
determined in previous sections and given by equations (47),
(50), and (53) for different ﬂuid distribution models in cracks.
These results must now be linked to the matrix permeability to
build a whole effective permeability model of the CUP material.
Let the global saturation degree of the material be denoted by S.
The water content is shared between the matrix pores and the
cracks. Since, according to the assumptions discussed in the Sec-
tion 2.1, the matrix pores are ﬁlled with the ﬂuid before cracks,
there will be a critical saturation degree value Sc for which the ma-
trix is saturated and cracks are empty. Let /m designates the matrix
porosity and /f the crack porosity, i.e. the volume of cracks in the
unit volume of X that depends on their density, size and aperture.
In particular, for a density N/X of cracks with length 2R and aper-
ture e, we ﬁnd /f = 2NRe/X. The critical Sc is a geometrical charac-
teristic of the porous cracked material, independent of its
saturation state, and given by:
Sc ¼ /m/m þ /f
ð54Þ
The cracks saturation degree Sf and the matrix saturation degree are
related to the global saturation degree S by:
Sð/m þ /f Þ ¼ Sm/m þ Sf/f ð55Þ
So with the condition that cracks remain empty until the matrix is
saturated we ﬁnd:
0 6 S 6 Sc; Sm ¼ SSc ; Sf ¼ 0
Sc 6 S 6 1; Sm ¼ 1; Sf ¼ S Sc1 Sc
ð56Þ
The matrix permeability k that appears in (42), (45), and (48) is
more precisely the permeability of the matrix with saturation de-
gree Sm that is written km(Sm). The expression of the function km(Sm)
is out of the scope of this paper. The evolution of the intact matrix
(without crack) permeability of unsaturated porous material has
been intensively studied in the literature. For instance, Bovet et al.
(1995) express this permeability as km(Sm) = ks (Sm)n, where ks is
the permeability of the saturated matrix and n an exponent that
is a physical material’s parameter. Supposed that this function is
known, as well as q and Sc for the cracked porous material, and
assuming for instance that the model (42) is chosen to represent
the cracks contribution, the global effective permeability of the
CUP material will be given as follows:
0 6 S 6 Sc; k^ðSÞ ¼ kmðSmÞ 11þ q=2
Sc 6 S 6 1; k^ðSÞ ¼ ks 1þ Sfq=21þ ð1 Sf Þq=2
ð57Þwhere Sf is given by (51) for Sc 6 S 6 1. A global effective permeabil-
ity law k^ðSÞis obtained in this way for the CUP material that is a con-
tinuous function of S.
6. Conclusions
This paper has focused on the ﬂuid ﬂow and effective perme-
ability of porous media containing partially-saturated cracks. An
unsaturated crack is supposed to be composed of a ﬂuid-ﬁlled
part which acts as a superconductive crack and an empty part act-
ing as an impermeable membrane. To determine the effects of
these cracks on the effective permeability, the closed-form solu-
tion given by Pouya and Ghabezloo (2010) for ﬂow around a
superconductive crack in a saturated medium has been ﬁrst ex-
tended to the case of an empty crack. Then a closed-form solution
has been established for ﬂow in and around a straight-line par-
tially-saturated crack in an inﬁnite matrix under a far-ﬁeld pres-
sure gradient. This solution opens the way for theoretical and
analytical investigations of ﬂuid ﬂow in cracked unsaturated
porous media. In this paper we used this solution to establish a
theoretical model of the effective permeability of cracked unsatu-
rated porous materials using classical upscaling methods for weak
crack densities. The effect of cracks interaction for higher densities
has been shown by results issued from numerical calculation. The
two fundamental theoretical results obtained in this paper are the
ﬂow solution around single unsaturated crack and the model of
global effective permeability of CUP materials. These results,
which are original to our knowledge, are based, indeed, on some
simpliﬁcation assumptions. They could be naturally deepened or
improved by introducing more realistic models of crack size dis-
tribution or ﬂuid distribution model in the cracks if the physical
data are available. They could be probably also extended to 3-D
models by using and extending the solutions given by Pouya
(2012) and Pouya and Vu (2012a,b) for 3-D superconductive
cracks. But they can already be applied to numerous physical or
engineering problems involving cracked and unsaturated materi-
als (rocks, soils, concrete etc.) in petroleum applications, CO2
sequestration, underground waste disposal, contaminant diffu-
sion, etc.
Appendix A. Extension to anisotropic matrix
The solution obtained in Section 3 can be extended by transfor-
mation to the solution corresponding to a single crack in aniso-
tropic matrix as described in details by Pouya and Ghabezloo
(2010). Consider an inﬁnite body with homogeneous permeability
k containing a crack of length L in a direction twith a degree of sat-
uration. It is supposed that the vector t points from the saturated
part to the empty part. A constant pressure gradient A is imposed
at inﬁnity. We take M =
ﬃﬃﬃﬃﬃﬃﬃﬃ
k1
p
, f = 1 and apply the transformation
described in Pouya and Ghabezloo (2010). In the transformed
problem, the geometry is changed by ~x =Mx, the matrix is isotro-
pic with unit permeability (~k = d), the crack’s direction is ~t = h1Mt,
with h = ||Mt||, its length is ~L = ||LMt|| = Lh, and the degree of sat-
uration (ratio L1/L) remains unchanged. The pressure gradient is
changed into ~A =
ﬃﬃﬃ
k
p
A. Then the pressure ﬁeld in the transformed
problem (with isotropic matrix permeability) is:
~pð~xÞ ¼ ~A  fUð~a1; ~a2Þ½ð~x ~x1Þ  ~t~t þWð~b1; ~b2Þ½ð~x ~x2Þ  ~n  ~ng ðA:1Þ
where ~a and ~b are given by the same expressions (23) and (24)
function of tilde variables. Replacing each tilde variable by its
expression function on initial ones, and after rearranging, we ﬁnd:
pðxÞ ¼ A  fUða1;a2Þ½ðx x1Þ H  tt
þWðb1; b2Þ½ðx x2Þ  nðHttn HtntÞg ðA:2Þ
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H ¼ k1;Htt ¼ t:H  t;Htn ¼ t  H:n ðA:3Þ
and:
a1 ¼ ððx x1Þ H  tÞ
2
R21ðHttÞ3=2
; a2 ¼ ððx x1Þ  H  ðx x1ÞÞ
2
HttR
2
1
 a1;
b1 ¼
ððx x2Þ  H  tÞ2
R22ðHttÞ3=2
; b2 ¼
ððx x2Þ  H  ðx x2ÞÞ2
HttR
2
2
 b1
The Eqs. (26) and (27) deﬁning xi and Ri remaining unchanged.
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